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The traditional approach to the building of a CATV
system is to erect an antenna at a convenient loca-
tion and distribute from the antenna location to
all of the subscribers the received channels by
means of an all-band cable system. As CATV pene-
trates the larger cities and as bi~directional
transmission of signals becomes a reality, the trend
is toward the segmentation of systems into areas
served from separate hubs connected by various
types of cable or microwave links. Within this new
approach are contained so many alternatives for
types of hubs, connecting links and combinations of
forward and return systems that system planning has
become a task of bewildering complexity involving
the owner's objectives and the relative costs of
various methods of implementation. This paper anaw
lyzes the general problem and describes a computer
program developed as a tool to permit analysis of
the system planning problem. The analysis permits
a recommended solution to be found by the computer
given the objectives, costs and general physical
data of the geographical area or permits an analy-
sis of preferred methods of system configuration.
The analysis involves the use of a new family of
mathematical operators developed by the author,
called "COM" operators, which simplifies some of
the mathematical problems involved.

1.0 Introduction

Today most prospective builders of new CATV
systems have a fairly detailed concept of what they
want their system to do. Due to FCC requirements,
franchise requirements and market requirements they
know what the channel capacity of the system must
be for present and future needs and what system per-
formance is required. Additionally, they are plan-
ning some special services that will use the bi-
directional capability of their new system. How-
ever, the area of knowledge which has not yet been
extended to a major portion of the industry is the
details of assembling a complex system in a rela-
tively large metropolitam area to meet the desired
system operating and performance objectives.
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2.0 Need for Analysis of System Planning

It is not uncommon for an owner to express
surprise and dismay when informed it is not pos-
sible to build an all-band system extending from
his headend location that will serve all of the
subscribers with satisfactory signals. It is read-
ily apparent that some kind of hub concept is nec-
essary, but a more complex system rapidly produces
more complex problems and rapidly increasing costs.
To illustrate, a typical system configuration is
shown in figure 1.
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FIGURE 1
TYPICAL SYSTEM CONFIGURATION



2.1 Elements of a System

The center of interest of the system shown in
the figure is the primary hub, centrally located in
the area. The owner's studio is located in the
primary hub along with the switching equipment to
control the distribution of signals to the system.
A transportation cable system carries signals into
the primary hub from the headend, located remotely
for convenience of off-air signal reception, and
other transportation cable systems carry signals
to and from the secondary hub sites. Emanating
from the secondary hub sites are bi-directijonal
trunk and feeder systems for distributing signals
to and collecting signals from the subscribers. As
may be practical microwave links can replace some
cable transportation system links.

0f particular interest to us are those speci-
fic elements of the system that contribute to sig-
nal degradation. These elements are the processing
equipment in the headend and hub locations, any
conversion equipment used in connection with the
transportation systems, the amplifijers in the
cable systems and any microwave equipment used.

2.3 Conventional System Operation

The most conventional method of operating the
system would be to receive all off-air channels at
the headend and transmit them to the subscribers
via the primary and secondary hubs. Any signals
originated at subscriber locations would be carried
to the primary hub and re-distributed to the sub-
scribers along with the off-air channels. The prob-
lem with this arrangement is that all of the chan-
nels are carried from the primary hub on the hub-
to-hub cable transportation links. Since the degra-
dation in a cable system is proportional to the
number of channels carried, the degradation in the
transportation systems may make it costly or even
impossible to design the trunk and feeder system to
meet the overall system performance objectives.

2.4 Alternative System Operation

As an alternative only the distant channels
may be received at the headend location with strong
local signals received with less expensive antennas
located at the secondary hubs. Additionally, not
all signals originated at subscribers may be of
interest to the entire area, and the signals of
purely local interest could be intercepted and re-
distributed from the secondary hubs. The resultant
reduction in the number of channels carried on the
transportation systems and the corresponding im-
provement in performance permits a less costly
basic design. However, the above alternatives in-
troduce a new cost factor; i.e., a requirement for
channel processing equipment at the secondary hubs.

Additionally, by dividing the system into a
larger number of areas; i.e., more hubs, the amount
of noise degradation collected at each hub in the
return system is reduced, but more transportation
systems are required to carry the signals from the
collection points to the primary hub.

Another simple way of improving transportation
system performance is to use a dual cable system.
But how does the owner know which approach is the
least costly? The amount of trial and error re-
quired to optimize the performance of any one ap=
proach is so formidable that it presents obstacles
to producing a proposal within the time frame re-
quired by a customer. But when a change in system
performance of a few dB may mean a change of sever-
al hundred dollars per mile in overall system cost,
it is mandatory that the system builder carry out
a system planning program that involves analyzing
many different approaches to the implementation of
his system objectives.

3.0 Solution to System Planning Problem

The purpose of this paper is to provide the
mathematical analysis which makes possible the
rapid evaluation of alternate types of systems.

In particular, this analysis provides the basis
for a tool for the system planner. Based upon

this analysis a computer program has been written
by the author which permits the system planner,
sitting at a terminal of an ordinary commercial
computer time sharing system,to selectively speci-
fy alternate system configurations to the computer,
which determines optimum performance and automati-
cally investigates some of the alternatives.

The analysis contained in this paper was spec-
ifically designed to provide the basis of a com-
puter program concept that entailed the following
steps:

(1) Apportion the strand mileage between the
specified return hubs such that for any hub the
performance of the combination of the return line
extender, trunk and transportation amplifiers is
maximized and is the same for all hubs. This pro-~
cess requires the finding of the best allocation
of performance degradation between the several
elements.

(2) Find the combination of forward transporta-
tion and trunk systems which has the worst perfor-
mance. This process also requires the finding of"
the best allocation of performance degradation as
above.

(3) Allocate performance degradation between
the sub-systems of (1) and (2) for best perfor-
mance.

(4) Find the trade-off of performance degrada-
tion between the sub-system of (3) above and the
feeder system such that the system noise and cross-
modulation performance specification is just met
with the maximum possible levels in the feeder
system.

(5) 1If there is no solution within the con-
straints imposed upon the system, the computer
would increase the number of return system hubs
until a solution is found. A maximum number of
hubs may be imposed to avoid absurd answers. When
the computer "creates" new hubs to increase the
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total number, average values are used for the
equipment densities and transportation system cas-
cades in the added hubs.

4.0 Details of Analysis

4.1 Notation & Fundamentals of COM operators

To begin the analysis the reader should refer
to Appendix 1, which gives an explanation of the
notation used in this paper. Secondly, in Appendix
2 are shown the relationships for "COM" gperators.
These operators are used to express in simple nota-
tion the combining of noise or cross-modulation.
For example, if amplifier A has a carrier-to~noise
ratio of Na and amplifier B has a carrier-to-noise
ratio of Nb, the carrier-to-noise ratio of the two
amplifiers operating in cascade is by definition
Na #p Nb; i.e., Na combined with Nb on a power
basis. 1f we let

Na #p Nb = Nt,
then by definition Na = Nt p\ Nb

Appendix 2 summarizes the above for cross-mod-
ulation as well as noise and lists other relation-
ships that simplify derivations used herein. Deri-
vation is accomplished in every case by straight
forward substitution of the basic logarithmic/ex-
ponential expression into the stated relationship.

4.2 Maximum Performance

The first derivation that has a direct bear-
ing on system performance is contained in Appendix
3. The expression obtained in this appendix calcu-
lates the difference in output level which produces
the maximum performance for two units operating in
cascade. Maximum performance is defined as the
maximum value of X + 2N. The quantity X + 2N 1is
independent of operating levels, assuming that re-
lative level is constant, since (in an ideal sys-
tem) an increase in all levels by 1 dB causes the
carrier-to-cross modulation ratio to decrease by
2 dB and noise to improve by 1 dB. X + 2N is here-
in defined as the Performance Factor, PF.

4.3 Apportionment of Strand Miles Between Hub
Systems.

With varying distances between the primary hub
and the secondary hubs and with varying sizes of
system fed from each secondary hub there can be a
substantial difference in performance in the return
system for each return collection and transporta-
tion sub-system. Rather than selecting the worst
case and basing the calculations on this worst case
the system planner can improve his overall system
performance by allocating the strand mileage be-
tween the sub-systems served by each secondary hub
so that each sub-system has the same performance.
In other words, since the return performance of all
segments is made the same (by adjusting their size)
the "worst case' is improved to be the average re~
turn system performance. In Appendix 4 the perfor-
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mance factor
PFrt = Xrt + 2Nrt

is derived for the average return system perfor-
mance as a function of the sub-system strand mile-
age, the equipment densities and the equipment
performance parameters. With the expression ob-
tained, a linear programming technique can be used
that finds the strand mileage for each secondary
hub system such that the sum of the strand mile-~
ages of the hub systems is equal to the total sys-
tem strand mileage and the performance factor is
the same for all hub systems.

4.4 Calculating Feeder Performance

Finally, in Appendix 5 a relationship is de-
rived that permits the system levels to be found
that just meet the system specifications. The ex-
pression involves the feeder cross-modulation, Xf,
the system specifications, the performance factor
of the feeder and the performance factor of the
rest of the system.

Since a direct solution for Xf is not easily
obtained, it was decided to use an iterative method

for obtaining a solution. The method is illustrat-
ed in figure 2.

f(Xf) - Xf

Xf

FIGURE 2
SOLVING FOR FEEDER CROSS-MODULATION, Xf

1. At point 1 the slope of the line tangent to
the curve was found by incrementing Xf by a
small amount.

2. The point at which the tangent line inter-
cepted the "O" value of f(Xf)~-Xf was calcu-
lated. (point 2)}.

3. Using the value of Xf so obtained a new point
3, was found on the curve.



4. The process was repeated until a valueé of
f(Xf)-Xf less than an arbitrary value &
was found.

5. By always using negative increments in step
1 above, it is assured that a change in sign
of the slope of the tangent line indicates
that there is no solution.

After some experimentation with this method it
was found that the largest number of iterations
required to find a solution occur when the system
specifications are near the maximum possible perfor-
mance. It was found that with a value of 8§
= 0.01 dB and the system specifications within
0.0001 dB of the maximum system performance, only
6 iterations were required to find a solution or
determine that a solution was impossible. Typical-
ly a solution or non-solution was found in 2 tries
with less severe constraints.

5.0 At the Computer Terminal

To use the computer program you would dial up
the computer from your terminal and load the pro-
gram. The computer types out on your terminal
READY! Now you have a selection of things which
you may type.

The program is interactive, i.e., it executes
a command entered from the terminal and then prints
READY! again and waits for the next command. The
commands available are:

FILE causes the computer to read a computer
data file which must be constructed be-
fore loading the program. The file con-
tains for each hub the cascades, the
equipment densities, the equipment noise
figures output capabilities and gains for
each sub-system, the number of return
system hubs with the equipment densities,
trunk cascades and transportation system
cascades and proposed strand mileage.

PaCK Loads a specified number into the same
element in all hubs. For example, per-
mits assigning a new value to the return
transportation system amplifier output
capability in all hubs.

DIF Establishes the difference in output lev-
el between bridger amplifiers and line
extender amplifiers.

FIX Freezes the levels in the feeder at their
current value.

MIN BR Establishes a minimum bridger amplifier
output level.

MAX RH Sets the maximum number of return system
hubs permitted.

NHUBS Sets the number of return system hubs.

RHUB Permits performance degradation for the
return system hubs to be specified.

FHUB Permits performance degradation for the
forward system hubs to be specified.

H END Permits performance degradation for the
headend system to be specified.

MIC Permits specifying a fixed performance
degradation for a transportation system.

SPECS Establishes the system noise and cross-
modulation specification at desired
values.

FWD HB Displays the number of the worst case
forward hub system.

MAX Finds maximum possible performance of
system as presently configured.

RUN Apportions strand mileage between return

hub systems and calculates all system
levels to meet the system noise and
cross-modulation specifications. If no
solution is possible within the limits
imposed, a MAX command is automatically
executed.

The first step is to issue the FILE command
to load the basic data, then the other commands
are typed on the terminal keyboard to establish
the system parameters. The function of most of
the commands is self explanatory. In each case
the system planner types the command exactly as
shown. The details of the specific item, i.e.,
the output capability, etc., and the relevant data,
are input by the system planner after the computer
prints out a message specifying that they are to
be typed on the keyboard. No knowledge of comput-
er operation is required by the user.

In particular it has been found that the
strand mileage calculated by the computer for a
particular return hub system may not be suitable
due to the physical constraints of the geograph-
ical area. If a smaller number of strand miles
must be used, the performance of that particular
sub-system will be better than average, but that
of the rest of the system will be poorer, since
the strand mileage for the rest of the system will
be increased. In this instance the strand mileage
of the smaller than calculated hub system is sub-
tracted from the total mileage, and the remainder
of the system is re-processed as a separate system.

1f a larger than calculated strand mileage
must be used, the performance of this larger sub-
system will be poorer than the remainder of the
system and the performance of this sub-system be-
comes the worst case and is then processed as an
independent system.

If the computer determines that a larger
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number of return system hubs is required than origi-
nally desired, the system planner may change the
minimum feeder level limits, change the output cap-
abilities of the amplifiers in the transportation
systems (different number of channels) or enter
specific information to include the added number of
hubs.

To evaluate the cost of the various configur-
ations it is necessary to have available cost per
mile information on the types of transportation
systems to be used, the cost of active hub sites,
including buildings and equipment and the distribu-
tion system costs. Clearly, in the planning stage
of a system close communication is required with
the system owner to determine what locations are
available practically. The distribution system
cost can be based upon a sample design keyed to a
fixed set of amplifier output levels.

The above analysis and associated computer
program is providing us with a much deeper insight
into the general area of system configuration to
the point that questions have arisen that were not
previously considered. Never-the-less in order to
adequately analyze the alternatives possible in a
large CATV system it is absolutely essential that
tools be available that permit rapidly finding the
best means to achieve the desired system perfor-
mance objective. Undoubtedly to date we have mere-
ly an obscure view of the ultimate applications
that the future will bring to the CATV industry,
but it is intended that this analysis will provide
the foundation necessary to meet the ever increas-
ing challenge that we can expect from the inevita-
bly more sophisticated systems to come.
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APPENDIX 1

Explanation of Notation

Operator Notation

Symbol Explanation
A/B A divided by B
A # B, A'\ B COM operators, see Appendix 2

The following notation is used in the text and
in the Appendices to represent the system and
equipment parameters. Each parameter is represent-
ed by 1 or 2 capital letters followed by lower case
letters that denote where the parameter is used in
the system. The explanation of the letters is pro-
vided below the examples.

Example: Nrf = Carrier-to-Noise Ratio of the re-
turn feeder system amplifiers.

PFrt = Performance Factor for the total
return system.,
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Capital Letters

Explanation

C
G

KC

XqQ

NF

0ocC

PF

Sm

212

Lower Cas

Letters

K rtwomnm OF H D

e

Amplifier cascade.

Amplifier gain.

Amplifier cascade perlstrand mile

Amplifier quantity per strand mile
(amplifier density).

Signal level.

Carrier-to-noise ratio, abbrevi-
ated as "noise" in the text.

Amplifier noise figure.

Amplifier output capability, the
output level of an amplifier at
which the carrier-to-cross modula-
tion ratio is 57.

Performance factor = X + 2N

Quantity, the number of amplifiers
in a given area.

The number of strand miles.

Carrier-to-cross modulation ratio,
abbreviated as '"cross-modulation"
in the text.

0Cl1 - 0C2 + G1 - G2 + NF1 = NF2

Explanation

Transportation system
Feeder system

Input

Trunk system

Output

Return system
Specification

Total

Trial value
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APPENDIX 2

Fundamental Relationships for COM Operators

Definitions
A #p B = -10 log 10710 + 107B/10]  (coup)
A pNB = -10 log [10-4/10 - 10-B/1d  (pcome)
A#v B = =20 log 1078720 4 10-B/29  (comv)
A W B = -20 log 10"A/20 . 10-8/20]  (pcomv)



Algebraic Rule

If
C=A#B, then A = C\B

Distributive Rule

(A+B) # (A+C) A+B#C

(A+B) \(a+C) = A+ BN\ C

Derivative Rule
d(Y #V C) = 10-(Y - Y #V C)/20
dy

(where C is a constant)

Associative Rule

A# (B# C)=(A#B)#C=(a#2C) #B

Inter-Order Conversion

(2A) #v (2B) = 2(A #p B)
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APPENDIX 3

Maximum Performance

The following is a derivation of the differ-
ence in output level required between two systems
to obtain the maximum performance.

If we have two sub-systems, 1 and 2, the cri-
teria for setting the levels of system 1 (same cri-
teria for system 2) is:

(1) dXt = 2 dNt
dL1 dL1

where Xt = X1 #v X2

NE = N1 #p N2

The criteria is illustrated by the following
example. Suppose that Xt = 51 and Nt = 43.
Suppose also that dXt is less than 2 dNt,

dL1 dLl

i.e., suppose that increasing the operating level
of system 1 by 2 dB results in an increase of Nt
by 1 dB and a decrease of Xt by 1 dB. We now de-
crease all levels by 1 dB; the procedure is summar-
ized in the following table:

Noise Cross-Modulation
Initial 43 dB 51 dB
Yerformance
Increase System 1 44 50
Levels 2 dB
Reduce all 43 52
Levels 1 dB

Thus, by changing the relationship between the
levels of system 1 and system 2 the cross-modula-
tion has been increased by 1 dB with the same noise
performance. However, when the difference in oper-
ating level meets the maximum performance criteria,
the improvement illustrated is not possible. Fur-
ther reflection will reveal to the reader that the
criteria is valid for more than two units operating
together, but the two-unit case is sufficient for
this paper.

Substituting for Xt and Nt in expression (1)

and using the derivative rule for COM operators,
we obtain:

10-(X1 - X1 #v X2)/20 = 2 x 10 (N1 - NI #p N2)/10

10-(X1 - Xt)/20 _ 2 x 10-(N1 - Nt)/10

Taking the LOG of both sides of the equation

-(X1 - Xt)/20 LOG 2 - (N1 - Nt)/10

Xt - X1 = 6 - 2(N1 - Nt)
by symmetry:
Xt - X2 =6 - 2(N2 - Nt)

Solving the first equation for Xt and substituting
into the second, we obtain:

X1 - 2N1 = X2 - 2N2

To find the difference in output level be-
tween the two systems we substitute the following
expressions for X & Nz

X= (06 - Lo) x 2+ 57 - 20 LOG C

i

N Li + 59 - NF - 10 LOG Q

the input level, Li, can be replaced by Lo - G.

Making the above substitutions and solving
for Llo - L20, we obtain:

Llo - L2o = (OCL - 0C2 + Gl - G2 + NFI - NF2)/2
+ 10 L0c [Ql C2
C1 Q2

It is interesting to note that the old idea
of running all amplifiers midway between noise
and cross-modulation is valid only when Q = C,
i.e., for a single cascade of amplifiers.
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APPENDIX &

Apportionment of Strand Miles Between Hub Systems

Cascade is proportional tolstrand miles

Quantity is proportional to strand miles

L
Cascade = KC x Sm? = C

Quantity = KQ x Sm = Q

125



Xrt = Xr - 20 log C = Xr - 20 log (KC x Sm%)
= &r - 20 log KC ~ 20 log Sm'®
= Xr - 20 log KC ~ 10 log Sm

Nrt = Nr - 10 log Q = Nr - 10 log (KQ x Sm)
= Nr - 10 log KQ ~ 10 log Sm

The return system cross-modulation is equal to
the combined cross-modulation of the return trans-
portation, trunk and feeder systems.

irt = Xra #v Xrk #v Xrf

BOCra - Lrao) x 2 + 57 - 20 log Cr%
ity BOCrk - Lrko) x 2 + 57 - 20 log er

#v [(OCr - Lrf) x 2 + 57 - 20 log Crf]

Substitute for Lrko and Lrfo using formula for max-
imum performance from Appendix 3, i.e.:

Lrko = Lrao + (0Crk - OCra + Grk

- Gra + NFrk - NFra)/2
+ 10 log Igrk
Crk

10 log |Qrk 10 1log [KQrk Sml=
crk KCrk Sm?2

= 10 log [KQrk + 10 log Sm%
KCrk

Let Zrka = 0Crk - OCra + Grk - Gra + NFrk - NFra

il

Xrt =2 x OCra - 2 x Lrao + 57 - 20 log Crd

#v P x 0Crk - 2 x Lrao - Zrka - 10 log(KgrE)
KCrl

L L
- 10 log Sm? + 57 - 20 log(KCrk x Sij

#v P x OCrf - 2 x Lrao - Zrfa - 10 log{KQrf
Crf

- 10 log Sm + 57 - 20 log er
frt = P x OCra - 2 x Lrao + 57 - 20 log Cr%

v P x 0Crk - 2 x Lrao + 57 - 10 log sm3/2

- zrka - 10 log (XQrk x KCrk]}

#v[2 x OCrf - 2 x Lrao + 57 - 10 log Sm
- Zrfa - 10 log (KQrf x Crf)

Xrt = 57 - 2 x Lrao +[2 x OCra - 20 log Crd

#v 2 x oCrk - 10 log su3/2 - zrka
- 10 log KQrk x KCri

#v[2 x OCrf - 10 log Sm - Zrfa
- 10 log KQrf x Crf]

The return system noise is equal to the com-
bined noise of the return transportation, trunk and
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feeder systems.

Nrt = Nra #p Nrk #p Nrf
= (Lrao - Gra + 5% - NFra - 10 log Cra)
#p (Lrko - Grk + 59 - NFrk - 10 log Qrk)
#p (Lrfo - Grf + 59 - NFrf ~ 10 log Qrf)

Substituting for Lrko, Lrf, Qrk and Qrf

Nrt = (Lrao -~ Gra + 59 - NFra - 10 log Cra)

#p (Lrao + Zrka/2 + 10 1og‘K§rk + 10 logJSm%
KCrk

- Grk + 59 - NFrk - 10 log KQrk - 10 log Sm)

#p (Lrao + Zrfa/2 + 10 log [KQrf + 10 log (Sm
Crf

- Grf + 59 - NFrf - 10 log KQrf - 10 log Sm)
Nrt = (Lrao - Gra + 59 - NFra - 10 log Cra)

#p (Lrao + Zrka/2 - 10 log [KCrk x KQrk

- 10 logysm3/2 - Grk + 59 - NFrk)

#p (Lrao + Zrfa/2 - 10 log.[Crf x KQrf

- 10 logVSm - Grf + 59 ~ NFrf)

Nrt = Lrao + 59 + (-Gra - NFra - 10 log Cra)
#p (Zrkas2 - 10 logJKCrk x KQrk - 10 log sm3/2

- Grk - NFrk)
#p (Zrfa/2 - 10 log {Crf x KQrf - 10 log{Sm
- Grf - NFrf)

The return system performance factor,
PFrt = Xrt + 2Nrt

=57 + 2 x 59 + P x OCra - 20 log Cr%

#v [2 x OCrk - 10 log sm3/2 . zrka
- 10 log (KQrk x KCrk
g

v P x 0Crf - 10 log Sm - Zrfa
- 10 log (KQrf x Crfﬂ

+ EZGra ~ 2NFra - 20 log Cr%

#p | 26rk - 2NFrk - 10 log Sm3/2 + Zrka
- 10 log (KCrk x kQrk]}

#p [- 2Grf - 2NFrf - 10 log Sm + Zrfa
- 10 log (Crf x KQrfa

k k k k k k k kK k k k k k k k k *k k k k k k% k% k &k k

APPENDIX 5

Meeting Performance with Maximum Feeder lLevels

Let Nt and Xt be the combined noise and the
combined cross-modulation of the elements of the



system other than the amplifiers in the forward
feeder. Let Ntx and Xtx be trial values of the
above that are calculated at some arbitrary opera~-
ting level of the system. The utility of these
latter values will be seen below.

Since the noise of a system increases 1 dB for
each 1 dB increase of operating level and the cross-
modulation decreases 2 dB for each 1 dB increase in
operating level, it follows that:

Nt = Ntx +AL
Xt = Xtx - 2 AL
where AL is the change in operating level.

1f we multiply the first expression by 2 and
add to the second expression we obtain:

(1) Xt + 2 Nt = Xtx + 2Ntx

The quantity X + 2N is independent of level for
any system and is herein defined as the Performance
Factor, PF.

If we let Ns and Xs be the system noise and
cross-modulation specifications and let Nf and Xf
be the feeder noise and cross-modulation that we
are attempting to calculate, it is true that:

Nt #p Nf
Xt #v Xf = Xs

Ns

by definition:
Nt = Ns p\ Nf

Xt = Xs v\ Xf

substituting into expression (1):
Xs v\ XE + 2(Ns p\\Nf) = Xtx + 2Ntx
Xs VN Xf = Xtx + 2 Ntx - 2(Ns p\Nf)
Xs = [ex + 2Nex - 208s pN\ NEY #v xE

(2) Xf

Xs v\[th + 2Ntx - 2(Ns p'\ Nfg

Xtx + 2Ntx is the performance factor, PFtx, of the
non-feeder system and can be calculated.

Nf can be found using expression (1)
Nf = (Xfx + 2Nfx - Xf)/2
substituting for Nf in expression (2):
Kf = Xs v\PFt - 2(Ns p\fifx + 2Nfx - x4 /2]
Applying the COM operator rule for inter-order

conversion to the last terms and substituting for
Xtx + 2Ntx:

KE = Xs v\[PFt - (2Ns v'\[PFf - xij /2))
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